FROBENIUS CONDITION ON A PRETRIANGULATED 
CATEGORY, AND TRIANGULATION ON THE ASSOCIATED 

STABLE CATEGORY 



HIROYUKI NAKAOKA 



Abstract. As shown by Happel, from any Frobenius exact category, we can 
construct a triangulated category as a stable category. On the other hand, it 
was shown by lyama and Yoshino that if a pair of subcategories C .E in a 
triangulated category satisfies certain conditions (i.e., {Z,Z) is a D-mutation 
pair), then ZfD becomes a triangulated category. In this article, we consider 
a simultaneous generalization of these two constructions. 



1. Introduction and Preliminaries 

Throughout this article, we fix an additive category C. Any subcategory of C 
will be assumed to be full, additive and replete. A subcategory is called replete if 
it is closed under isomorphisms. 

When we say Z is an exact category, we only consider an extension-closed sub- 
category of an abelian category. 

For any category /C, we write abbreviately K G IC, to indicate that K is an object 
of IC. For any K,L IC, let IC{K, L) denote the set of morphisms from K to L. 
If MjAf are fuh subcategories of IC, then 1C{M,N) = means that /C(M, iV) = 
for any M e M and iV £ TV. Similarly, IC{K,J\f) = means IC{K,N) = for any 

N eJ\f. 

If IC is an additive category and C is a full additive replete subcategory which 
is closed under finite direct summands, then IC/C denotes the quotient category 
of K. by the ideal generated by C. The image of / S IC{X, Y) will be denoted by 
leJC/CiX,Y). 

As shown by Happel [H], If we are given a Frobenius exact category £, then the 
stable category £/T, where I is the full subcategory of injectives, carries a structure 
of a triangulated category. 

On the other hand, it was shown by lyama and Yoshino that if P C Z is a pair 
of subcategories in a triangulated category C such that {Z, Z) is a 2?-mutation pair, 
then the quotient category Z/T) becomes a triangulated category. By definition, 
(Z, Z) is a P-mutation pair if it satisfies 

(1) C(Z,P[1]) =C(2?,Z[1]) =0, 

(2) For any object X ^ Z, there exists a distinguished triangle 

X ^ Z ^Y.X 
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with D eV and Z € Z, 
(3) For any object Z £ Z, there exists a distinguished triangle 

X Z ^HX 

with X gZ and D gV. 

In this article, we make a simultaneous generalization of these two constructions, 
by using a slight modification of a pretriangulated category in [BR]. To emphasize 
this modification, wc call it a 'pseudo-'triangulatcd category. As in Definition 3.3, a 
pseudo-triangulated category is an additive category C with a pseudo-triangulation 

As in Example 4.5, a pseudo-triangulated category C is abelian if and only if 
S = f2 = 0, and C is triangulated if and only if S = An extension in C is 

a simultaneous generalization of a short exact sequence in the abelian case, and a 
distinguished triangle in the triangulated case (Definition 4.1). For an extension- 
closed subcategory Z CC,we define the Frobenius condition on it (Definition 5.9). 
This is equivalent to the ordinary Frobenius condition in the case of E = f2 = 0, 
and related to the existence of a miitation pair in the triangulated case (Example 
5.10 and Corollary 5.16). As a main theorem, in Theorem 6.17, we show if Z is 
Frobenius, then the associated stable category becomes a triangulated category. In 
the above two cases, this recovers the Happel's and lyama-Yoshino's constructions, 
respectively. 





S = = 


s ^ n-' 
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Frobenius condition 
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2. One-sided triangulated categories 



Definition 2.1 (right triangluation cf. [BM], [BR]). Let S : C C be an additive 
endofunctor, and let TZT{C, E) be the category of diagrams of the form 

A morphism from A B C to A' -A B' ^ C EA' is a triplet 

(a, b, c) of morphisms a £ C{A, A'), b eC{B, B') and c e C(C, C"), satisfying 

b o f = f' o a, CO g = g' ob. Ea o h = h' o c. 

A pair (E, >) of E and a full replete subcategory > C TZT{C, E) is called a right 
triangulation on C if it satisfies the following conditions. Remark that E is not 
necessarily an equivalence. 

(RTRl) For any ^ e C, -> A ^ ^ -j> EO = is in >. For any morphism 

/ e C{A, B), there exists an object A ^ B C EA in t>. 

(RTR2) If A S C EA is in 0, then B -^EA^^B is also in 

0. 

(RTR3) If we are given two objects A ^ B ^ C Y,A and A' ^ B' ^ 

C T,A' in > and two morphisms a G C{A,A') and b G C{B,B') satis- 
fying b o f = f o a, then there exists c G C(C, C") such that (a, b, c) is a 
morphism in i>. 



FROBENIUS CONDITION ON A PRETRIANGULATED CATEGORY 



3 



(RTR4) Let 

B -^C ^T.A, 
A ^ M ^ B' T.A, 
A'J^M^B^EA' 

be objects in >, satisfying m' o £ = f. 

Then there exist g' G C{B', C) and h' e C(C, EA') such that 

h' o g — n' , h o g' — n, 
g'om = gom' , (Sf ) oh+ o h' = 0, 

and 

is an object in >. Here we put f = mo £'. 

A — ^ B ^ S^' 

\ O yf \ ^ ^ \ S£' 
^\ / m' 9\ /^/i' \ 

M O C O SM 

If (E, >) is a right triangulation on C, we call (C, S, >) a np'/ii triangulated category. 

Caution 2.2. Conditions (RTR4) is slightly different from that in [BM]. 

Definition 2.3 (left triangulation). Let fi: C C be an additive endofunctor, and 
let £T{C, O) be the category of diagrams of the form 

QC A ^ B C. 

A morphism in CT{C, O) is defined similarly as in Definition 2.1. A pair (il, o) sat- 
isfying conditions (LTRl), (LTR2), (LTR3) and (LTR4) which arc dual to (RTRl), 
(RTR2), (RTR3) and (RTR4) respectively, is called a left triangulation on C, and 
(C, n, <) is called a left triangulated category. 

Similarly to the triangulated case, the following are satisfied. 

Proposition 2.4. Let C be an additive category. 

(1) // (S, >) is a right triangulation on C, then for any object A ^ B ^ C ^ 
J^A in > and for any E the induced sequence 

C{A, E) ^ C{B, E) ^ C{C, E) ^ C{SA, E) ^ C{T.B, E) < 

is exact. 

(2) Dually for a left triangulation. 

Proof. Left to the reader. □ 
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3. PSEUDO-TRIANGULATED CATEGORY 

In this section, we introduce a notion unifying triangulated categories and abelian 
categories. We make a slight modification of the pretriangulated category in [BR], 
for the sake of Example 4.5. We call it a 'pseudo- 'triangulated category, to make 
the reader beware of this modification. Roughly speaking, a pseudo-triangulated 
category is an additive category endowed with right and left triangulated triangu- 
lations, satisfying some gluing conditions (Definition 3.3). 

Definition 3.1. Let (S,l>) be a right triangulation on C, and let f : A ^ B he any 

morphism in C. 

(1) / is T,-null if it factors through some object in SC. 

(2) / is T,-epic if for any B' £ C and any b £ C{B, B'), 6 o / = implies b is 
S-null. 

For a left triangulation (ri,<i), dually we define fl-null morphisms and fl-monic 
morphisms. 

Remark 3.2. For any morphism / G C{A,B), the following are equivalent. 
(1) / is S-epic. 



(2) There exists an object in > 



such that g is S-null. 
(3) For any object in > 



g becomes E-null. 
Dually for fi-monics. 



B^C^EA 



B -^C ^Y.A, 



Definition 3.3. A pseudo-triangulation (E, i7, >, <i, f/;) on C is a pair (S,i>) and 
(O, <) of right and left triangulations, together with an adjoint natural isomorphism 

i}A,B-C{Q.A,B) ^C{A,T,B) (A,SeC), 

which satisfies the following gluing conditions (Gl) and (G2). 
(Gl) If 5 e C{B, C) is S-epic, then for any objects 

nC -^A^B^C e <, 
A B C" A e >, 
there exists an isomorphism c € C{C' , C) such that 
cog' = 9 and — il){e) o c = h' . 

f q' b' 

A — ^ B — ^ C EA 

i o y 

O O s I 3c / 

V / -'/'(e) 

nc^A^B^^c 

Roughly speaking, this means that any E-epic morphism agrees with the 
'cokernel' of its 'kernel'. 
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(G2) Dually, if / £ C{A,B) is ri-monic, then for any objects 



flC 



A' J^B^C e o, 



there exists an isomorphism a G C{A, A') such that 
f'oa = f and — aotp~^[h) = e'. 



f Q h 

A — B — ^ C — ^ T,A 



Q.C—^A' 



^B 



If we are given a pseudo-triangulation (S, fi, >, <, -0) on C, then we call the 6- 
tuple (C, S, O, >, <, 'ip) a pseudo-triangulated category. We often represent a pseudo- 
triangulated category simply by C. 

Example 3.4. Let (C, S, O, i>, <i, ip) be a pseudo-triangulated category. 

(1) C is an abelian category if and only if S = J7 = 0. 

(2) C is a triangulated category if and only if E is the quasi-inverse of ft and tp 
is the one induced from the isomorphism S o f2 = Idc • 

Proof. (1) We only show that E = fi = implies the abelianess of C. The converse 
is confirmed by a routine work. Since E = 0, Proposition 2.4 means g = cok(/) 
holds for any object 

A^B^C^T,A 

in >. 

Thus (RTRl) implies the existence of a cokernel for each morphism. Dually for 
the existence of ker(/). Moreover, in this case / is E-nuU if and only if / = 0, and 
/ is E-cpic if and only if it is epimorphic. Thus (Gl) means that any epimorphism 
g agrees with cok(ker(5)). Dually for monomorphisms. 

(2) In this case, any morphism is at the same time E-nuU and E-epic, and f2-null 
and J7-monic. Moreover, > and <i agree. We only show < C i>. 

By (LTR2), for any object 



(3.1) 

in <i, the shifted one 



nc 



A^B-^C 



flB-^nC -^A^B 
is also in <i. By (Gl), we obtain an object in > 

nc^A^B'^^'' EOC, 
which is isomorphic to (3.1). 



□ 
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4. Extensions 

In this section, C is a pseudo-triangulated category with pseudo-triangulation 
(E, O, >, <, iji). Wo define the notion of an extension which generahzes a short exact 
sequence in an abehan category, and a distinguished triangle in a triangulated 
category. 



Definition 4.1. A sequence in C 

nc ^ 

is called an extension if it satisfies 



B -^C ^T,A 



s ^ C) e o, 



A 



Since e and h determines each other, we sometimes omit one of them. 
A morphism of extensions from 



to 



I 



B ^ C ^Y.A 



A' JUb' 



is a triplet (a, &, c) of a e C{A, A'), b e C{B, B') and c e C(C, C) satisfying 

b o f = f o a, CO g = g' o b, (Ea) oh = h' oc. 

Remark that (Ea) oh = h' oc\s equivalent to a o e = e' o (Oc). Thus, a morphism 
of extensions is essentially the same as a morphism in > or <. 



9.C 



-^B 



-^Y^A 



fie 



o 



a O 



flC —r^ A' 



f 



^ B' — C 



h' 



EA' 



Remark 4.2. Consider a diagram in C 



(4.1) 



/ 



B^C^, 



EA 



satisfying /i = -V'(e). By (Gl) and (G2) (and (RTRl) and (LTRl)), the following 
are equivalent. 

(1) nC -^A^B-^C belongs to < and g is E-epic. 

(2) A^B^C -^T.A belongs to t> and / is -monic. 

(3) (4.1) is an extension. 

Corollary 4.3. 

(1) g G C{B,C) is Yi-epic if and only if there exists an extension (4.1), if and 
only if there exists an object A ^ B — ^ C — >■ T,A in >. 

(2) / e C{A, B) is Cl-monic if and only if there exists an extension (4.1), if and 

only if there exists an object Q,C — >■ A — > B ^ C in <. 
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Proof. We show only (1). If there exists an object A ^ B — ^ C — > in [>, then 
by (RTR2), we have an object in t> 

B C ^'EA^'EB. 

Obviously this implies g is S-epic. 

Conversely if fif is E-epic, then by (LTRl) and Remark 4.2, we obtain an extension 
(4.1). □ 

Lemma 4.4. Let f G C{A,B), m € C{A,M) and e G C{M,B) be morphisms 
satisfying eo m = f . 

(1) // / is H-epic, then so is e. 

(2) // / is Cl-monic, then so is m. 

Proof. (1) By (RTRl) and (RTR3), there exists a morphism in > 

A — ^ B — ^ C — ^ T,A 









o 


Sm 


y 









M —-^ B — D — Y SM. 

^ g h' 

Then since g is S-nuU, so is g' . (2) is shown dually. □ 

Example 4.5. The notion of an extension becomes as follows in the two cases of 
Example 3.4. 

(1) IfS = f2 = and C is abelian, then an extension is nothing other than a 
short exact sequence. 

(2) If C is a triangulated category as in Example 3.4, then an extension is 
nothing other than a distinguished triangle. 

Proposition 4.6. For any A,BgC, 

ilB-^A^A(BB^B-^i:A 

is an extension, where i^ and pb are the injection and the projection, respectively. 

Proof. Let pa- A® B ^ Ahe the projection, and Ib- B ^ A(BB he the inclusion. 
Since ids is S-cpic by (RTRl), so is ps by Lemma 4.4. Thus by Corollary 4.3, 
there is an extension 

nB^^C^A(BB^B^j:C 

with some morphisms u, v, w. Since pb is the projection and w o pB = hy Propo- 
sition 2.4, we have w = 0, and thus u = 0. By o = 0, there exists r G C{A, C) 
such that V or = iA- 

A 

Then we have 

V o (idc — r o (j)A ° f )) = v — voropAov 
= (idc ~iA° pa) o V 
= {iB oPb) ov = 0. 
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B' ~ 











Thus idc — r o pA o v factors through m = 0, which means 

r o ov)= idc- 

Since [pA o v) o r = pA° ia = idA, this means r is an isomorphism. □ 
Proposition 4.7. Lei 

VLB ^A' 

he extensions, satisfying m' o i = f. Then there exist g' € C{B' ,C) and h' G 
C{C, HA') such that 

h' o g = n' , ho g' = n, 
g'om = gom' , (Hi) oh+ (S^') oh' = 0, 

and 

nC^A'^B'^C^ EA' 

is an extension. Here we put f = mo i' . Remark if we put e' = —■ip~^{h'), then 
(Sf ) oh+ oh' = {) is equivalent to t o e' + i o e = 0. 



flB' 




Dual statement also holds. 

Proof By (RTR4), there exist g' e C{B', C) and h' G C(C, SA') such that 

h' o g = n' , ho g' = n, 
g' om, = gom' , oh+ (Sf ) oh' = 0, 

and 

A' JUb' EA' 

is an object in i>. Thus by Remark 4.2, it suffices to show /' is 0-monic. This 
follows from (LTR4). In fact, applying (LTR4) to objects in < 

fiB^nc A^ B, 



nB' 

9.B 



M^B' 



k' 



A' -Um 



B, 
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we obtain an object in < 

nB' -)-ilC A' ^ B', 
which means /' is fi-monic. □ 

5. Frobenius condition 

In this section, we define an extension-closed subcategory Z of C, and the Frobe- 
nius condition on it. This condition generaUzes simultaneously the usual Frobenius 

condition for an exact category, and the the existence of a subcategory V such that 
(Z, Z) is a P-mutation pair in the case of a triangulated category. 

Definition 5.1. A subcategory Z C C is said to be extension-dosed if it satisfies 
the following. 

(*) For any extension in C 

CtZ X ^ Y ^ Z EX, 
X,Z eZ imphes Y eZ. 
In the following, we fix an extension-closed subcategory Z CC. 

Remark 5.2. When C is an abelian category as in Example 4.5, then Z is an exact 

category. 

Definition 5.3. Let Z C C be an extension-closed subcategory as above. 

(1) A conflation is an extension in C 

(5.1) nz ^ X ^Y ^ Z ^T,X, 

satisfying X,Y, Z € Z. A morphism of conflations is a morphism of the 
extensions. 

(2) A morphism /: X — F in 2 is an inflation \i tYiem exists aconflation (5.1). 

(3) A morphism g: Y ^ Z in Z is a, deflation if there exists a conflation (5.1). 

In the following, we fix an extension-closed subcategory Z C C. For a full 
additive replete subcategory V C Z, we consider the following condition (DS). 

Condition 5.4. 

(DS) 2? is closed under finite direct summands in Z, namely, for any Z\, Z2 €l Z 

and D eV, D = Zi® Z2 implies Zi, Z2 G Z. 

Definition 5.5. Let I? C Z be a full additive replete subcategory satisfying (DS). 

(1) An object 7 in D is infective if 

Z{Y, I) ^ Z{X, 1)^0 

is exact for any infiation /: X — >■ F. We denote the full subcategory of 
injective objects by Td C 1?. In particular Iz is denoted by I. 

(2) An object P in 2? is projective if 

Z{P, Y) ^ Z{P, Z)^0 

is exact for any defiation g: Y ^ Z. We denote the full subcategory of 
projective objects by Vt> C D. In particular Vz is denoted by V. 

Example 5.6. 
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(1) If 2 C C is an exact category where C is an abelian category as in Example 
4.5, then X is equal to the full subcategory of injective objects, and V is 
equal to the full subcategory of projective objects. 

(2) If C is a triangulated category, and if V satisfies C(f2Z, V) = C{V, HZ) = 0, 
then we have Xt> = V-d = X). 

Caution 5.7. The definitions of injective and projective objects are different from 
those in [B]. 

Remark 5.8. 

(1) X-D and V-D are full additive replete subcategories, which are closed under 
finite direct summands in Z. 

(2) Xv=xr\v. 

(3) Vv = vr\V. 

Proof. Left to the reader. □ 

Definition 5.9. Let (C,Z,I?) be a triplet as above. 

(1) (C,Z,2?) has enough injectives if for any X £ Z, there exists an inflation 
a: X ^ I such that I gXj). When V = Z, we simply say "Z has enough 
injectives" . 

(2) {C,Z,V) has enough projectives if for any Z G Z, there exists a deflation 
/3: P ^ Z such that P G Vv- When V = Z,we simply say has enough 
projectives". 

(3) (C, Z, V) is Frobenius if it has enough injectives and projectives, and more- 
over Xj) = V-D. When V = Z, we simply say ".E is Frobenius" . 

Example 5.10. 

(1) If 2^ C C is an exact category as in Example 5.6, then Z is Frobenius if and 
only if Z is Frobenius as an exact category. In this case the stable category 
Z/X \s triangulated [H]. 

(2) If C is a triangulated category and if (Z, Z) is a X'-mutation pair in C (in the 
definition in [lY]), then (C,Z,I?) is Frobenius. In this case Z/Xxi = Z/V 
becomes a triangulated category by Theorem 4.2 in [lY]. 





Happel's construction [H] 


lyama and Yoshino's construction [lY] 


c 


abelian category 


triangulated category 


z 


exact subcategory 


extension-closed subcategory 


V 


Z = V 


[Z, Z) : D-mutation pair 


Xv 


injective objects 


Xd=V 


Vv 


projective objects 


Vt>=V 



In section 6, in a pseudo-triangulated category C satisfying Condition 6.1, we show 
Z/X-D becomes a triangulated category for any Frobenius triplet (C, Z, V) (Theorem 
6.17), which we call the stable category associated to (C,Z,I?). In particular, if Z 
is Frobenius, then Z/X becomes a triangulated category. We call Z/X the stable 
category associated to Z. 

Although we have defined the Frobenius condition on a triplet {C,Z,V), it is 
essentially the same as the Frobenius condition on Z as follows (Corollary 5.13). 

Proposition 5.11. LefD C D' C Z befall additive replete subcategories satisfying 
(DS). If{C,Z,V) is Frobenius, so is {C,Z,'D'). Moreover, we haveXj)' =Xj)- 
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Proof. This immediately follows from the lemma below. □ 

Lemma 5.12. Let V C V' C Z be as in Proposition 5.11. If {C, Z,V) has enough 
injectives, then we have It>' = Iv ■ Similarly for projectives. 

Proof. Remark that X-d = Iv H V. Thus it suffices to show T-d' C V. 

Since {C,Z,'D) has enough injectives. for any /' e 2v', there exists a conflation 

nz ^ P -U I ^ Z ^ SJ', 

where Z e Z and / G Xp. Since /' € I-d', there exists p € Z{I,r) such that 
p o f = id/'. By / o e = 0, we have e=po/oe = 0, and thus h = 0. By 
(id/ — / o p) o / = 0, there exists s € 2{Z, I) such that s o (/ = id/ — / o p. Since 
{idz — g o s) o g = 0, idz — g°s factors through h = 0, namely, we have id^ = gos. 
Thus we obtain I = P (B Z. Since V is closed under finite direct summands in Z, 
it follows P gV. □ 

Thus if (C, Z, V) is a Frobenius triplet, then Z is Frobenius, and satisfies X = Xp- 
In particular, their stable categories are equivalent. 

Corolleiry 5.13. For any extension- closed subcategory Z C C, the following are 
equivalent. 

(1) Z is Frobenius. 

(2) There exists a full additive replete subcategory T> ^ Z satisfying (DS) such 

that (C,Z,V) is Frobenius. 

Moreover, there exists the minimum one. 

Corollary 5.14. // Z is Frobenius, there exists the minimum V, which makes 
{C,Z,V) Frobenius. 

Proof. We show X satisfies the desired conditions. By Remark 5.8, X C .E is a 
full additive replete subcategory satisfying (DS). If Z is Frobenius, it immediately 

follows that 

Xx = X = P = Px, 

and (C,Z,X) becomes Frobenius. Obviously X is the minimum one, since any 
Frobenius triplet (C, Z, V) satisfies X = Ix> CI). □ 

When C is a triangulated category and if 2? C Z is a full additive replete sub- 
category satisfying (DS) and 

C{nZ,V)=C{V, SZ) = 0, 

then (C, Z, V) is Frobenius if and only if (Z, Z) is a 2?-mutation pair. (We also 
remark that if there exists one such 2?, then it is unique and must agree with the full 
subcategory of Z consisting of those £> e Z satisfying C(fiZ, D) — C{D, T,Z) = 0.) 
Namely, we have the following. 

Claim 5.15. Let V C Z be a full additive replete subcategory satisfying (DS). The 

following are equivalent. 

(1) (C, Z, V) is Frobenius, and C{nZ, V) = C{V, EZ) = 0. 

(2) (Z, Z) is a V-mutation pair. 

Regarding Corollary 5.13 and Corollary 5.14, we obtain the following. 
CorollEiry 5.16. For any Z, the following are equivalent. 
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(1) Z is Frobenius, and C{Q.Z,X) = C(I, TiZ) = 0. 

(2) {Z, Z) is an X-mutation pair. 

6. Triangulation on the stable category 

In this section, as a main theorem, we show give a triangulation on the stable 
category associated to an extension-closed subcategory of a pseudo-triangulated 
category satisfying the following condition. Remark that this condition is trivially 
satisfied in the two cases of Example 3.4. 



Condition 6.1. Let 



QC' ^A'^B'^C 



Y,A' 



be extensions. 

(ACl) If c e C(C, C) satisfies h'oc = and cog = 0, then there exists c' e C(C, B') 
such that g' o c' = c. 

(AC2) If a G C{A,A') satisfies /' o a = and a o e = 0, then there exists a' £ 
C{B, A') such that a' o f = a. 

Remark 6.2. If we impose the following conditions (1) and (2) on C (cf. [BR]), then 
Condition 6.1 is satisfied. 

(1) There exists an adjoint natural isomorphism 

(PA,B--C(SA,B) ^C{A,nB) {A,BgC). 

(2) Let A^ B-^C ^ and flC A' ^ B' C be any object 

in [> and <, respectively. 

For any a € C{A, Q.C') and h G C{B, A') satisfying b o f = e' o a, there 
exists c G C{C, B') such that co g = f o b and f^^c' ('^) ° °h = g' o c. 

For any c G C(C, B') and d G C(S^, C") satisfying d o h = g' o c, there 
exists b G C{B, A') such that co g = f ob and 6 o / = e' o ^pA,c' {d)- 

f g h 



b o 



c O 



e / S 

In the rest, C is assumed to satisfy Condition 5.14. First, we construct the shift 
functor. 



Lemma 6.3. Let 

nz- 



f Q h 



f Q h 



X O 



V 



z O 



v' O 



05— ^M- 

o 



-^7 



-^7 



6e morphisms of conflations, with 7 G Ip. T/ien ^ = ^ m Z/I-p implies z = z^in 

ZjX-D. 
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Proof. Obviously, it sufBces to show that x — imphes ^ = in the first diagram. 

Since ^ = 0, there exist Iq <eIt>t xi S Z{X,Iq) and X2 S Z{Iq,M) such that 
X = X2 o x\. Since Iq S Xx> and / is an inflation, there exists x^ G Z{Y,Iq) such 
that xzo f = x\. Thus we have xoe = X2 0xzofoe = Q, which implies 

(Sx) oh = -(Sa;) o ■)/'(e) = o e) = 0. 

Put ri = y — aox2 x^. By 77 o / = 0, there exists s S Z{Z, I) such that s o g = rj. 
Thus we have 

70 (2; — ^os) = 702; = (Sa;) o /i = 0, 
(2; — ^os)og' = 2;og' — /3ot/ = 0. 

By (ACl), there exists t e Z{Z,I) such that z — j3 o s = ^ o t, namely z = 
po{s + t). □ 

Construction 6.4. Assume (C, ^, X>) has enough injectives. For any X G Z, take 
a conflation 

^ X ^ /;f ^ 5x ^ 

with € Xx>. Define S{X) = SX to be the image of Sx in Z/Ij). 
For any morphism / e ^(X, F), take a conflation 

qSy ^Iy ^Sy ^ 

similarly for Y. Since ax is an inflation and Iy there exists // G Z{Ix,Iy) 

such that // o ax = cty o /• By (RTR3), there exists Sf G Z{Sx,Sy) such that 
(/, //, Sf) is a morphism of conflations. 



nsx^x^ix^sx^^x 



nSf 





/ 


// 


Sf 

















nSY > Y > Iy > Sy ^ SF 

Sy 0y 

For any / G Z/Xd{X,Y), define Sf to be the image 5*/ of Sf in Z/Xi>. This is 
well-defined by Lemma 6.3, and the following proposition holds. 

Proposition 6.5. S: ZjX-o — )• ZIX-d gives an additive functor. 

Proof. This immediately follows from Lemma 6.3. □ 

Remark 6.6. Dually, if {CjZ,!)) has enough projectives, then we have an additive 
functor 5* : Z/Vv — >■ ^fP-v, defined by a conflation 

nx -)■ s*x -^Px^x ^ i:s*x 

for any X G Z, where Px G Vt>. 

Proposition 6.7. If {C^Z^V) is Frohenius, then S and S* are quasi-inverses. 
Proof. This follows immediately from the deflnitions of S and S*. □ 

In the rest, (C,-Z,X') is assumed to be Frobenius. Next, we define the class of 
distinguished triangles on Z/Xd- 
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Definition 6.8. Let ilZ 



a conflation ClSx 



5x, 



X Y — ^ Z — ^ be any conflation, and take 



Fx -^Sx ^ where /x e Xp. 



If there exist p Q Z{Y,Ix) and q G ^(.Z^, Sx) satisfying 

P° f ^ ax, qo g = fix op, -fx °q = h 
(namely, (id, p, q) is a morphism of conflations) 

/ 



X 



p o 



9 O 



X 



■Ix 



Sx 



JX 



Y^X 



then we call the sequence 



f <? 9 

X ^Y Z ^ SX 



a standard triangle. Remark that by (RTR3) and the injcctivity of Ix, there exists 
at least one such pair of morphisms {p,q). We define the class of distinguished 
triangles A to be the category of triangles 

(6.1) X ^Y ^ Z ^ SZ 

in Z/Xx>, which are isomorphic to standard triangles. 

In the rest, we show that [Z/Ij,, S,A) is a triangulated category. 

Proposition 6.9. {Z/Iv,S,A) satisfies (TRl). 

Proof. 

(1) By definition, every diagram (6.1) isomorphic to an object in A also belongs 
to A. 

(2) Let / G Z{X, Y) be any morphism. Take a conflation 

^Sx^X^Ix^Sx^ SX 

with Ix G and put fx = {f,—cix)- By Corollary 4.3, Lemma 4.4 
and Proposition 4.7, fx'- X Y ® Ix becomes an inflation. In fact, by 
Corollary 4.3 and Lemma 4.4, there exists an extension 



nCf ^ X ^Y (Blx -^Cf ^ Sx, 



and applying Proposition 4.7 to the following diagram (6.2) of extensions, 
we obtain an extension 



nSx -^Y ^Cf Sx ^^Y, 
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and thus C/ S -Z by the extension-closedness of Z. 



YY 




iY 

i^Sx - - ^ r ^ 



ni 



X 



Let C(/) denote the image of Cf in Z/Xx>- Then the above diagram 

means 

X ^Y®Ix ^ C{f) SX 
is a standard triangle. If we put g = Cf o iy where iy '■ Y ^ Y ® Ix '^^ 

f g q 

the inclusion, then X Y C{f) SX becomes isomorphic to this 

standard triangle. 
(3) By (RTRl), (RTR2) and (LTRl), 

Q = nQ^x-^x^Q^i:x 

is a conflation, and it immediately follows that the triangle 

X X ^ SX 

belongs to A. 

□ 



Proposition 6.10. (.E/Xi,, 5, A) satisfies (TR2). 
Proof. It suffices to show, for any distinguished triangle 

X ^Y ■ 

arising from a morphism of conflations 



-hsx 



nz- 



nSx 



Sx 



■X 



X 



-^Y—^Z 



■EX 



p o 



q O 



the shifted triangle 



9 q -Sf 
Y ^ Z ^ SX ^ SY 



also becomes a distinguished triangle. 
We may replace ClZ ■ 



X ^ F Z by the conflation flCf 



X Y (B Ix — ^ Cf — ^ SX constructed in the proof of Proposition 6.9. Recall 
that fx = (/, —ax) = iy o f — iix ° ax where iy and ij^ are the inclusions into 
Y(Blx. 
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Take conflations 

llbx — > ^ — > — > — > 
nix ^Y®Ix~^ Ix ^^Y. 

By Proposition 4.7, there exists k £ C{ilSx,Y) and f e Z{Cf,Sx) such that 

nSx -^Y -^Cf ^ Sx ^TY 

is a conflation, where fi = Cf o iy, and 

l/OCf = -fix °Plx > lx°v = lf, 
-tpSx,Y{k) o Px =0 , fx oSx +iY ok = 0. 







o 

Ix — z — 



3X 



A \ 7x 



Sx 

nsx 



-^Y®Ix-^Cf — 

- - 





Claim 6.11. We have a morphism of conflations 

Sx 



nSx 

-id 
flSx 



-^X 



o 



Ix 
I 



^Sx^j:x 



I 



-^Y 



f O CfOii^ o -id O 



Proof of Claim 6.11. This immediately follows from 

f o Sx = Py ° fx o Sx = -Pv oiy ok 



c/ o o ax = c/ o o (-pjx ) o fx 

= CfO {iy Opyofx- fx) 
= CfOiyof, 



vocfoii^ = -j3x o pi^ o ii^ 



-Hx. 



□ 



If we take a conflation Q.Sy Y Iy Sy EF where /y G Ip, then 
there exist u G Z{Cf,Iy) and v G Z{Sx,Sy) such that (idr,p, g) is a morphism 
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(6.3) 



By definition, we have a standard triangle in A 



Y 



■ C(/) -^SX ^ SY. 



Composing (6.3) with the morphism obtained in Claim 6.11, we obtain the fol- 
lowing morphism of conflations, which means 5/ = —v. 



-Qq 



nSy—^Y 

OY 



Iy 



-V O 



^^^^^^ 



□ 



Lemma 6.12. Let 



and 



X ^Y Z ^ SX 



X' J^Y' ^ Z' ^ SX' 
he standard triangles in Z/Xj) obtained from 



nz-^x — ^ Y Z-^Y.X 



nz' ^x'^Y'^z'^ SX' 



o 

nsx^x 



P o 



9 O 



p' o 



q' O 



^Sx'^X'^Ix'^^Sx':^,^X' 



If we are given a morphism of conflations 



nZ " - X — ^ Y — ^ Z — ^ 



X o 



y O 



z O 



nz' —r^ X' — Y' — z' — 7^ ex' 

e f g h 



then we obtain the following morphism in A. 



S g 1 

X — Y — Z — ^ 5^ 



y o z o Sx 
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Proof. It suffices to show q' o z = (Sx) o q. By the definition of Sx, we have 
{'Sx)o'yx = ^x'oSx- Since {Ix°p-p'°y)of =~Ix°P° f -v' °y° f = Ix°ctx-ax'OX = 



0,Sx — *" X — ^ Ix — ^ Sx — ^ 



X o 



nsx' X' 



■Ix' 



Sx' ^ SM 



there exists s G Z{Z, Ix') such that s o g = Ix o p — p' o y. If we put C = Sx o q — 

q' o z — Px' o s, then ( satisfies 

Ix' °C = Ix' ° SxO q - ^x' ° q' o z - 7x' o /3x' o s 
= (Sx) o ^x o q — h' o z 
= (Ex) oh- {T,x) o h 
= 

and 

(og = Sxoqog-q' ozog- Px' osog 

= Sx o /3x op - q' o g' oy - {[3x' o 4 o p - Bx' o p' o y) 
= f3x' o Ix op - I3x' op' oy - {Px' o Ix o p - Px' o p' o y) 
= 0. 

Thus by (ACl), there exists t G Z{Z, Ix') such that C = (3x' ° t, i.e., 

Sx o q - q' o z = Px' ° {s + t). 

nz^x — ^ Y Z-^T,X 



flS 



X' 



c o 



□ 



Proposition 6.13. {Z/Iv,S,A) satisfies (TR3). 
Proof. Suppose we are given distinguished triangles 

f Q Q 

X -=^Y ^ Z ^ SX 

X' J=^Y' Z' SX' 

and morphisms x G Z{X, X') and y G -2(1^, 1^') satisfying y o f = f o x. We want 
to find z G Z{Z, Z') which satisfies zog = g'oy and Sx oq = q' o z. 

We may assume these triangles are standard, arising from morphisms of confla- 
tions: 



Q.Z 



-^X 



Y ■ 



Z' 



T.X 



O 



p o 


9 O 







^x 
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■X'- 



/' 



Z' 



h' 



X' 



■X' 



^X' 



7x' 



Since y o / = /' o x, there exist / S Tp, si € Z{X, I) and S2 € -2(1, F') such that 

52 o si = y o f — f o X. By the injectivity of /, there exists S3 £ ZiY, I) such that 

53 o / = si. Then we have (y — S2 o S3) o / = /' o x, and there exists z G Z{Z, Z') 
such that zog = g' o(y — S2OS3) and (Ex) oh = h'ozhy (RTR3) . Thus Proposition 
6.13 follows from Lemma 6.12. 



nz- 

I 

Oz I 
Y 



X 



f 



X 



■X' 



Y 

I 

y-S20S3 O 

y 

-^y — r 



/' 



-z- 

I 

I z 
V 

Z'- 



h' 



Y,X 
EX' 



□ 



Proposition 6.14. {Z/Xt>,S,A) satisfies (TR4). 
Proof. Let 



M 



Y' 



M 



Y 



> SX 

sx' 



f Q Q 

X ^Y Z sx, 



(6.4) 
(6.5) 
(6.6) 

be distinguished triangles in Z/I-p satisfying rn/_ o £ 
exist g' € Z{Y', Z) and q' G Z{Z, Sx') such that 

X' JL^Y' ^ Z ^ SX' 
is a standard triangle, where /' = m o and satisfy 



/. It suffices to show there 



g o m = q o m 
qog' = v 



Q_°g = ]L, 

Sloq' + S£oq = 0. 




We may assume (6.4), (6.5), (6.6) are standard triangles, arising from the fol- 
lowing morphisms of conflations. 



QY' X — ^ M -^Y' -^^X VLY—^X'-^M Y EX' 









u 


V 










u' 


v' 






• 




■ 











^Sx^X^Ix^Sx^EX 05x'-X'-r/x'-;5x'-EX' 
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(6.7) 



QZ- 



f Q h 



P o 



q O 



Claim 6.15. We may assume m' o£ = f. 

Proof of Claim 6.15. Since mf_o £ = /, there exist / € Xv, fi G /) and 

/2 G 2^(1, F) such that /20/1 = f-m'o£. Let im- M ^ M®I andpM : M©J M 
be the inclusion and the projection, respectively. By Corollary 4.3 and Lemma 4.4, 
we have extensions 



M®I ^Q^HX, 



By Proposition 4.7, we obtain the following morphisms of extensions by Lemma 
6.12. 

I _ A 

^sx 



-^x 



Thus we have Q G Z, and obtain an isomorphism of distinguished triangles: 

'Q ^SX 



X^^M®I- 



O s 



PM O = 



p o 



X- 



■M- 



■Y' 



SX 



Dually, there exist morphisms of extensions 







M- 
I 



X' 



Y 



im 3 I 
O Y y O 

^-^M ® / ^ ■ 

m +/2 Q / 



EX'- 



nx' 



EM 
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which implies R & Z and yields an isomorphism of distinguished triangles 



X' 



■M- 



Y 





^ — 


iM 


^ 











SX' 

Su 



R- 



■M(BI- 



SR 



m'+f2 

Thus, replacing f by /i) and m' by m' + f2, we may assume m' o£ = f. 

By Claim 6.15, assume m' o £ = f. Then by Proposition 4.7, there exist 
Z{Y', Z) and h' G C{Z, HX') such that 

flZ ^ X' Z T,X' 

is a conflation, and make the following diagram commutative. 

/ 



X 



X' 



M 



f 



n 


^Y.X' 






/ \ 




9 \ / 


h' 




z 





EM 


g' ^ \ 




/ 









f 

n 







If we take a morphism of conflations 



9.Z^X' ^ Y' Z T,X' 



p' o 



q' O 



^S^'^X'^Ix-j^_S,.:^,^X' 

then by Lemma 6.12, wc obtain morphisms of standard triangles 

i' 



X' 



■M- 



Y ■ 



SX' 



X 



■M- 



Y' 



■SX 






m O 


9 O 


and 


O 


ni' O 


l_ 

















X'^Y'- 



Z SX' 
q 



X' 



Y ■ 



Z—^SX 



Thus it remains to show S(f_ o q' + S£o q = 0. 
Claim 6.16. There exist morphisms of conflations 



nz- 



f Q h 

■ X Y — ^ Z^Y.X 



(6.8) 



Q.S 



e o 



r O 



s 



m^M-^Im 



■Sm-^T,M 



^ X' Y' Z EX' 



(6.9) 






e' o 


r' o 


s' 






■ 





QSm M Im 
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such that 

r om' + r' om = um- 

Moreover, s and s' satisfy 

(6.10) s = Seoq and s!_=Se!_o^. 

Suppose Claim 6.16 is shown. Then by 

{s + s') o g o m' = S o g o m' + s' o g' o m 

= Pm or om' + /3m or' om 
= o aM = 0, 

there exists w' <E C(EX', Sm) such that w' o n' = {s + s') o g. Thus by ((s + s') 
w' o h') o g = 0, there exists w G C{YjX,Sm) such that w oh = s 
namely 

s-\- s' = woh + w' oh' . 

Take a conflation 

Viz ^ Xq^Iq^ Z ^ SXo 
with Iq G 2x>- We have morphisms of conflations 

Q.Z Xq — > Jo — ^ Z SXn ^Z 



— > Xq s- Jo * 

I I 
O I O I o 
V Y 
Q.Z^X Y —r^ Z 



lo^Z- 



V 



nz 



I I 
O I O I o 
Y Y 

--x'^y- 



^z 



I 

O I 
Y 



and thus obtain 

s + s' = {w o ^ + w' o o 7o. 

Since 7m o (s + s') = {T,£) o h + (SI') oh' = 0, we can conclude that s + s' factors 
through Jm by (ACl). 



nz 



■Xr, 



•Jo^Z^SXo 



flS 



M 



By (6.10), this means S(!_ o q' + S£o q = 0, and Proposition 6.14 can be shown. 
Thus it suffices to show Claim 6.16. 

Proof of Claim 6.16. By Jm S It>, there exists r G -Z(y, Jm) such that rof = auo 
i. By {aM —rom')oi = 0, there exists r' G 2{Y', Im) such that r' om = aM — rom'. 
By (RTR3), there exist s,s' G Z{Z,Sm) such that (6.8) and (6.9) are morphisms 
of conflations. 

By definition, is a morphism which gives a morphism of conflations as follows. 



.X^Ix^Sx^^X 






I 


It 


St 




■ 
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Composing with (6.7), we obtain a morphism of conflations 

nz- 



f Q h 



■ Sm 



7m 



Thus, comparing with (6.8), we obtain s = Si o q hy Lemma 6.3. Similarly for 

s'. ~ a 



□ 

By the above arguments, we obtain the following. 

Theorem 6.17. Let C be a pseudo-triangulated category satisfying Condition 6.1, 
and let Z C C be an extension-closed subcategory, and let V C Z is a full addi- 
tive replete subcategory closed under finite direct summands in Z. If {C,Z,V) is 
Frobenius, then ZjX-o becomes a triangulated category. 

In particular, if Z is Frobenius, then the stable category ZjX becomes a triangu- 
lated category. 



7. Possibility of further generalizations 

In [B], for any triangulated category C, Bcligiannis showed that if we are given a 
proper class of triangles £ onC satisfying some conditions similar to the Frobenius 
condition discussed in section 5, then C/V{£) becomes triangulated (Theorem 7.2 in 
[B]). Here, V{£) is the subcategory of 'projcctivcs', defined in a similar, but different 
manner (Definition 4.1 in [B]). With that definition. 'P{£) becomes closed under 
S, but this conflicts with lyama-Yoshino's construction, in which the factoring 
category T> satisfies C{T>, SI?) = 0. We wonder if there exists a general construction 
unifying the construction in [B] and that in scx;tion 6. 

We also remark that there is another very general construction of a triangulated 
stable category. In [BM], Beligiannis and Marmaridis constructed a left triangu- 
lated category (in the sense of [B] or [BM]) from a pair (C, X) of an additive category 
C and a contravariantly finite subcategory X assuming some existence condition on 
kernels (Theorem 2.12 in [BM]). Therefore if X is functorially finite and satisfies 
some nice properties, it is expected that this resulting category becomes triangu- 
lated. In fact, Happel's construction is one of these cases (Remark 2.14 in [BM]). 
Although this existence condition is not satisfied by a triangulated category C un- 
less we replace it by some 'pseudo' one, we hope some unifying construction will be 
possible. 
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